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An approach, based on the use of the quasiclassical Green’s function, is developed for investigating high-
energy quantum electrodynamical processes in combined strong laser and atomic ﬁelds. Employing an
operator technique, we derive the Green’s function of the Dirac equation in an arbitrary plane wave and
a localized potential. Then, we calculate the total cross section of high-energy electron–positron photo-
production in an atomic ﬁeld of arbitrary charge number (Bethe–Heitler process) in the presence of
a strong laser ﬁeld. It is shown that the laser ﬁeld substantially modiﬁes the cross section at already
available incoming photon energies and laser parameters. This makes it feasible in principle to observe
with present technology the analogous effect in a laser ﬁeld of the Landau–Pomeranchuk–Migdal effect
for the Bethe–Heitler process.
© 2012 Elsevier B.V. Open access under CC BY license.1. Introduction
The high intensity of available lasers requires the investiga-
tion of the inﬂuence of laser light on fundamental QED processes
in an atomic ﬁeld like electron–positron (e+e−) photoproduction,
the so-called Bethe–Heitler (BH) process, and bremsstrahlung [1].
This gives perspectives of testing QED in the presence of such
intense ﬁelds, that they have to be taken into account beyond
of perturbation theory. The cross section of QED processes in a
pure atomic ﬁeld depends on the energy of the incoming par-
ticle and on the parameter Zα, where Z is the atomic charge
number and α ≈ 1/137 is the ﬁne-structure constant (units with
h¯ = c = 1 are employed throughout). The inﬂuence of the laser
ﬁeld is mainly characterized by the two parameters ξ = |e|E/mω0
and χ = (/m)(E/Ec). Here, e and m are the electron charge and
mass, respectively, E and ω0 are the laser’s electric ﬁeld amplitude
and photon energy, respectively,  is the energy of the incoming
particle (a photon in the case of the BH process and an electron in
the case of bremsstrahlung) and Ec =m2/|e| = 1.3× 1016 V/cm is
the critical electric ﬁeld of QED.
The inﬂuence of a laser ﬁeld on QED processes occurring in an
atomic ﬁeld has already been widely studied in the literature, by
including, however, only the laser ﬁeld exactly (as a plane wave),
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Open access under CC BY license.whereas the atomic ﬁeld has been taken into account in the lead-
ing approximation in the parameter Zα (Born approximation). For
instance, the BH process was considered in [2,3], bremsstrahlung
was investigated in [4] (see also [5], the book in [6] and references
therein) and Delbrück scattering in [7]. Since all above-cited results
have been obtained in the Born approximation, only the electron
states exact in the plane-wave ﬁeld (Volkov states) have been em-
ployed [8].
When the Dirac equation in an external ﬁeld can be solved an-
alytically (as in a constant ﬁeld, in a plane wave, and in a pure
Coulomb ﬁeld), the amplitudes of a QED process can be obtained
via the operator technique, which does not imply the use of the
explicit form of the electron’s wave functions in the ﬁeld. This
method was developed in [9–11] in the case of a constant homoge-
neous electromagnetic ﬁeld, in [12,13] in the case of a plane wave,
and in [14] in the case of a Coulomb ﬁeld. When the Dirac equa-
tion cannot be solved analytically, the amplitude of QED processes
at high-energies can be obtained via the operator technique based
on the applicability of the quasiclassical approximation [15]. An al-
ternative method of calculation employs the quasiclassical Green’s
function of the Dirac equation in the external ﬁeld (see [16] for
the case of a pure Coulomb ﬁeld, [17] for an arbitrary spherically
symmetric ﬁeld, and [18] for a localized ﬁeld with no spherical
symmetry).
In the present Letter we generalize the method of the quasi-
classical Green’s function to the case of QED processes occurring
in a combined localized and plane-wave ﬁeld. With respect to pre-
vious studies, we consider here for the ﬁrst time a time-dependent
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derive the quasiclassical Green’s function of the Dirac equation,
describing the propagation of an ultrarelativistic electron, almost
counterpropagating with respect to the plane wave. This conﬁgu-
ration is the most relevant experimentally, as the laser amplitude
in the electron’s rest frame is the largest possible at given electron
energy and laser amplitude (in the laboratory frame). We empha-
size that both the localized and the plane-wave ﬁeld are included
exactly in the calculations, which are performed in the leading or-
der with respect to the parameter m/  1. The obtained Green’s
function is applied to calculate the total cross section of the BH
process exactly in the parameters of the atomic and the laser ﬁeld.
We study the problem in the rest frame of the atom assuming
that the energy ω of the incoming photon largely exceeds m, that
ω0ω  m2 (i.e., there is no pair production stemming from one
laser photon and the incoming photon), and that both Zα and
χ = (ω/m)(E/Ec) are of the order of unity. In this situation the to-
tal cross section of the pair-production process becomes indepen-
dent of the laser parameter ξ and, since E/Ec  1, the probability
of pair production induced only by the laser and the atomic ﬁeld
[19] is exponentially suppressed. Also, we write the total proba-
bility of the process as the sum of the total probability of e+e−
pair photoproduction in the laser ﬁeld alone (i.e., at Zα = 0) plus
a term representing the inﬂuence of the laser ﬁeld on the BH pro-
cess. Only the latter term is considered here, as the ﬁrst process
has already been studied in detail [20,21]. We show that the pres-
ence of the laser ﬁeld substantially modiﬁes the cross section of
the BH process even at moderate values of the parameter χ , corre-
sponding to already available laser intensities and photon energies,
and that this can lead to the ﬁrst experimental observation with
present technology of the analogous effect in a laser ﬁeld of the
Landau–Pomeranchuk–Migdal (LPM) effect for the BH process.
2. Quasiclassical Green’s function in combined strong atomic
and laser ﬁeld
We consider a plane wave propagating in the direction antipar-
allel to the z-axis and we pass from the variables t and z to the
variables φ = t − z and T = (t + z)/2. Then,
p0 = i∂t = −pφ − pT
2
, pz = −i∂z = −pφ + pT
2
, (1)
where pφ = −i∂φ , pT = −i∂T and p⊥ = −i∂ρ , with ρ being the
component of the vector r perpendicular to z. Since the prop-
agation of a particle in a given background ﬁeld is completely
determined by the Green’s function of the corresponding ﬁeld
equation, we will determine the Green’s function of the Dirac
equation (this will also be employed below to calculate the to-
tal cross section of the BH process (see Eq. (21))). Actually, since
the case of a spin-1/2 particle can be reduced to that of a scalar
one (see Eqs. (16) and (20)), we ﬁrst analyze the propagation of
an ultrarelativistic charged scalar particle in a localized potential
V (r) = V (ρ, z) and in a plane-wave ﬁeld described by the vector
potential A(t + z) = A(2T ). In the ultrarelativistic regime (at parti-
cle energies  m) and at small deﬂection angles with respect to
the initial propagation direction, the typical angular momenta l in
the process are large and the quasiclassical approximation can be
employed. As we will see below Eq. (13), typical values of the im-
pact parameter ρ0 are here larger or of the order of the Compton
wavelength λC = 1/m, thus l ∼ ρ0  /m  1. By assuming that
the momentum of the particle is almost parallel to z, we can re-
place the coordinate z by T in V (ρ, z). The Green’s function of the
Klein–Gordon equation reads
D(0)
(
x, x′
)= ∫ d e−i(φ−φ′)D(0)(T ,ρ∣∣T ′,ρ ′;),
2πD(0)
(
T ,ρ
∣∣T ′,ρ ′;)= 1P2 −m2 + i0δ
(
T − T ′)δ(ρ − ρ ′)
= −i
∞∫
0
ds e−ism2 F
(
T ,ρ
∣∣T ′,ρ ′), (2)
where
P2 = −2V (ρ, T ) − H, (3)
with H = 2pT + [p⊥ −A(T )]2 and A(T ) = eA(2T ), and where
F
(
T ,ρ
∣∣T ′,ρ ′)= exp(isP2)δ(T − T ′)δ(ρ − ρ ′). (4)
Since the particle is ultrarelativistic, in P2 we have neglected
the term V 2(ρ, T ) in comparison with V (ρ, T ) and the term
{pT , V } = pT V + VpT in comparison with pT . The function
F (T ,ρ|T ′,ρ ′) can be represented as
F
(
T ,ρ
∣∣T ′,ρ ′)= L(s)e−isHδ(T − T ′)δ(ρ − ρ ′), (5)
with
L(s) = exp{−is[2V (ρ, T ) + H]}exp(isH). (6)
The operator L(s) satisﬁes the equation
dL(s)
ds
= −2iL(s)V (ζ 1, T − 2s), (7)
where ζ 1 = ρ − 2sp⊥ + 2s
∫ 1
0 dxA(T − 2sx). The operators non-
commutativity is related to the quantum nature of the particle
motion. Thus in the leading quasiclassical approximation, we can
ignore the non-commutativity of the operators V (ζ 1, T − 2s) at
different values of s. As a result, we have
L(s) = exp
[
−2is
1∫
0
dx V (ζ 2, T − 2sx)
]
, (8)
where ζ 2 = ρ − 2sxp⊥ + 2sx
∫ 1
0 dx
′A(T − 2sxx′). By manipulat-
ing the operator exp(−isH) in an analogous way, the function
F (T ,ρ|T ′,ρ ′) in Eq. (5) can be written as
F
(
T ,ρ
∣∣T ′,ρ ′)
= − i
4π s
δ
(
T − T ′ − 2s)exp[i (ρ − ρ ′)2
4s
+ is( f 2 − g2)
+ i(ρ − ρ ′) · f ]exp
[
−2is
1∫
0
dx V (ζ 3, τ )
]
× 1, (9)
where
f =
1∫
0
dxA(τ ), g2 =
1∫
0
dxA2(τ ), (10)
ζ 3 = ζ 2 − 2sx[ f + (ρ − ρ ′)/2s], τ = T − (T − T ′)x and where 1
stands for a constant function with unit value. The terms con-
taining p⊥ in ζ 3 have to be included only for x close to the
point x0 = T /(T − T ′) when 0 < x0 < 1 [18], which corresponds
to so-called effective impact parameter of the rectilinear trajectory
linking the points (ρ, T ) and (ρ ′, T ′), where the atomic force is
maximal. By exploiting this fact, we can write
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[
−2is
1∫
0
dx V (ζ 3, τ )
]
= exp
(
−i x0s
1− x0 p
2⊥
)
exp
[
−2is
1∫
0
dx V (ζ 4, τ )
]
, (11)
where ζ 4 = ρ − x(ρ − ρ ′) + 2sx(1− x) f˜ with
f˜ =
1∫
0
dy
[A(T y) −A(T ′ y)]. (12)
Finally, by substituting the resulting expression of the function
F (T ,ρ|T ′,ρ ′) and by performing the integral in s there, the ﬁnal
result for the Green’s function D(0)(T ,ρ|T ′,ρ ′;) is
D(0)
(
T ,ρ
∣∣T ′,ρ ′;)
= iθ(s0)
4π2|T − T ′| exp
[
is0
(
f 2 − g2)+ i(ρ − ρ ′) · f
+ i (ρ − ρ
′)2
4s0
− im2s0
]∫
d2q eiq
2
× exp
[
−2is0
1∫
0
dx V (ζ x, τ )
]
, (13)
where
ζ x = ρ − x
(
ρ − ρ ′)+ 2√βq + 2β f˜ , (14)
s0 = T /2x0, β = x0(1− x0)s0, (15)
and where θ(x) is the step function. We recall that the terms pro-
portional to q and f˜ in ζ x are to be omitted if x0 < 0 or x0 > 1.
As it should be, the Green’s function D(0)(T ,ρ|T ′,ρ ′;) is invari-
ant under the replacement T ↔ T ′ , ρ ↔ ρ ′ , and A→ −A. Also, if
A= 0, it agrees with the corresponding result obtained in the qua-
siclassical approximation in [17,18], whereas, if V = 0, it reduces
to the Green’s function exact in the parameters of a plane-wave
ﬁeld [9].
We consider an optical laser ﬁeld (ω0 ∼ 1 eV) as optical
are the most intense available lasers. In order to avoid cumber-
some expressions, we consider a particle with energy  such that
ω0  m2, which is not very restrictive at ω0 ∼ 1 eV, as it im-
plies   100 GeV. It follows from Eq. (13) that in this case the
typical value of s0 is s0 ∼ 1/m2, such that |T − T ′| ∼ (/m)λC and
|ρ − ρ ′| ∼ λC . Besides, it is β ∼ 1/m2, β| f˜ | ∼ βω0|T − T ′||A| ∼
χλC , and s0( f
2 − g2) ∼ χ2, where χ = (/m)(E/Ec) 1 such that
the effect of the laser ﬁeld may be important. At |ρ+ρ ′|  λC , we
can neglect the terms proportional to q and f˜ in ζ x and perform
the integral over q. The result coincides with the eikonal Green’s
function.
The Green’s function of the Dirac equation can be represented
as
G
(
x, x′
)= 〈x| 1
Pˆ −m + i0
∣∣x′〉= (Pˆ +m)D(x, x′). (16)
Here, Pˆ = γ μPμ , where γ μ are the Dirac matrices, Pμ = pμ −
eAμ(x), with eAμ = (V (ρ, T ),A(T )), and
D
(
x, x′
)= 〈x| 1ˆ 2 2
∣∣x′〉 (17)P −m + i0is the Green’s function of the “squared” Dirac equation. It is con-
venient to calculate the amplitudes of various QED processes in
terms of the function D(x, x′) [17,22]. We have
Pˆ2 = P2 + iα ·∇V (ρ, T ) + i
2
ˆγ · ∂TA(T ), (18)
where ∇ = ∂ρ + z∂T , and ˆ = γ 0 + γ 3. We introduce the effective
potential V˜ = V + δV , where
δV = − i
2
[
α ·∇V (ρ, T ) + 1
2
ˆγ · ∂TA(T )
]
. (19)
Although δV is small in comparison with V , it has a different ma-
trix structure and linear terms in δV have also to be taken into
account in the calculations (see, e.g., [18]). In order to obtain the
corresponding correction, we can employ the exponential repre-
sentation of the operator (Pˆ2 − m2 + i0)−1 analogous to that in
Eq. (2) and Eq. (13) with the replacement V → V˜ and then per-
form the expansion with respect to δV . As a result we ﬁnd
D
(
T ,ρ
∣∣T ′,ρ ′;)
=
{
1− i
2
α · (∂ρ + ∂ρ ′)
− ˆ
4
γ · [A(T ) −A(T ′)]}D(0)(T ,ρ∣∣T ′,ρ ′;). (20)
Note that this expression is exact with respect to the parameters
of both the laser ﬁeld and the atomic potential.
3. Electron–positron photoproduction in combined strong
atomic and laser ﬁelds
Now, we apply the Green’s function in Eq. (20) to calculate the
total photoproduction cross section σ at photon energies ω  m
in the laser and the atomic ﬁeld. Since only the laser ﬁeld ex-
changes energy with the created pair during the creation process
and by an amount ∼ ω0|T − T ′||A| ∼ mχ  ω, both the electron
and the positron most likely are created with ultrarelativistic en-
ergies ∼ ω  m and the total cross section can be calculated by
employing the quasiclassical Green’s function D(T ,ρ|T ′,ρ ′;). In
fact, by using the optical theorem, we can write σ as [17]
σ = α
ω
Re
ω∫
0
d
∫
dT dT ′ dρ dρ ′ θ
(
T − T ′)
× Sp{[(2e∗ ·P⊥ − eˆ∗kˆ)D(T ,ρ∣∣T ′,ρ ′;)]
× [(2e ·P ′⊥ + eˆkˆ)D(T ′,ρ ′∣∣T ,ρ; −ω)]}, (21)
where P⊥ = −i∂ρ −A(T ), P ′⊥ = −i∂ρ ′ −A(T ′), and where eμ =
(0, e) and kμ = (ω,k) are the polarization four-vector and the four-
momentum of the incoming photon, respectively.
Below, we consider the case of incoming unpolarized photons
and, since we investigate the inﬂuence of the laser ﬁeld on the
cross section of the BH process, we assume to subtract from the
integrand in Eq. (21) its value at A = 0. Then, we exploit the re-
lation ω0T ∼ ω0ω/m2  1, and expand the vector A(T ) so that
A(T ) = A(0) + ET , where the quantity E = ∂TA at T = 0 de-
pends on some constant phase (note that E = −2eE , where E is
the electric ﬁeld’s amplitude of the laser wave). The ﬁnal result
should be averaged over this phase. Due to gauge invariance, the
cross section σ is independent of A(0). Also, it depends on E via
its square value E2. The integrations in Eq. (21) are performed as
in [17,18], and we present here only the ﬁnal result. In order to
render the parameter χ as large as possible, we consider the case
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Thomas–Fermi model it is
V (r) = − Zα
r
3∑
i=1
ai exp
(−mrZ1/3bi/121), (22)
with a1 = 0.1, a2 = 0.55, a3 = 0.35, b1 = 6, b2 = 1.2 and b3 = 0.3,
then rc ∼ (mα)−1 Z−1/3 and σ has the form
σ = σ0
{
Φ(χ)
[
ln
(
183Z−1/3
)− 1
42
− f (Zα)
]
+ Ψ (χ)
}
, (23)
where σ0 = α(Zα)2/m2, f (Zα) = Reψ(1 + i Zα) + C , with ψ(t) =
d lnΓ (t)/dt and with Γ (t) being the Gamma function, where C =
0.577 . . . is the Euler constant, and where Ψ (χ) = Ψ1(χ) + Ψ2(χ)
and
Φ(χ) = 16 Im
1∫
0
dx
∞∫
0
dτ e−iϕ
[
−1
4
+ 1
3
a + 2iχ2τ 3a2
(
1− 19
15
a
)
+ 32
15
χ4τ 6a4(1− a)
]
, (24)
Ψ1(χ) = Im
1∫
0
dx
∞∫
0
dτ e−iϕ
{
8
[
− log(τ ) − C − iπ
2
]
×
[
−1
4
+ 1
3
a + 2iχ2τ 3a2
(
1− 19
15
a
)
+ 32
15
χ4τ 6a4(1− a)
]
− 2
21
+ 4a
7
+ i 16
3
χ2τ 3a2
(
8
7
− 461
175
a
)
+ 14464
525
χ4τ 6a4(1− a)
}
, (25)
Ψ2(χ) = 4
π
Re
1∫
0
dy
1∫
0
dx
∞∫
0
dτ e−iϕ
∫
d2q ln
( |q + F |
q
)
eiq
2
× (q + F )2[a(2y − 1)2q2 + (1− a)(q + F )2 − i] (26)
where ϕ = τ + (4/3)χ2a2τ 3, a = x(1 − x), χ = ω|E|/2m3 =
(ω/m)(E/Ec) and F = 4χa√y(1− y)τ 3/2s, with s being an arbi-
trary unit vector, s2 = 1 (by employing the integral representation
log(a/b) = ∫∞0 (dt/t)[exp(ibt2) − exp(iat2)], the resulting Gaussian
integral over q in Ψ2(χ) can be performed analytically and it can
be shown that the function Ψ2(χ) is independent of the direction
of F ). We note that all the Coulomb corrections in σ are enclosed
in the function f (Zα), as in the case of a pure atomic ﬁeld, and
that the effects of the laser ﬁeld are included in the functions
Φ(χ) and Ψ (χ). The asymptotic forms of these functions at χ  1
are
Φ(χ) = 28
9
(
1+ 2136
1225
χ2
)
, Ψ (χ) = −312752
55125
χ2. (27)
At χ  1 it is Φ(χ) ∝ χ−2/3 and Ψ (χ) ∝ χ−2/3 lnχ but these
asymptotics are applicable only at very large values of χ . Fig. 1
displays the dependence of the ratio σ(χ)/σ (0) on χ for Z = 83,
where σ(χ) is given in Eq. (23). We have seen that this ratio
depends very weakly on Z . The ﬁgure indicates that high-order
effects in χ become signiﬁcant already at relatively small val-
ues of χ . While the cross section results ampliﬁed for χ < 0.5
(up to about 10% at χ = 0.25), it is suppressed by about 40% al-
ready at χ = 1. This suppression is caused by the deviation in theFig. 1. The dependence of the ratio σ(χ)/σ (0) on the parameter χ for Z = 83,
where σ(χ) is given in Eq. (23).
transverse direction due to the laser ﬁeld, which reduces the for-
mation length of the process. In this sense, it is the analogous in
the laser ﬁeld of the LPM effect, where the reduction of the for-
mation length is induced by the multiple scattering of the charged
particle in matter (see the Review in [23]). Unlike the LPM effect
for BH process in matter, which has never been observed because
of the required ultra-high photon energies (ω  2.5 TeV), our re-
sults indicates that the effect in the laser ﬁeld can be observed
in principle at available photon energies (10 GeV [24]) and laser
intensity (1021 W/cm2 [1]).
4. Conclusion
In conclusion, we have derived the Green’s function of the Dirac
equation in the quasiclassical approximation by including exactly
the presence of a strong plane wave and of a localized ﬁeld. By em-
ploying this Green’s function, the cross sections of QED processes
occurring in the head-on collision of a high-energy particle (energy
 m) and a strong laser ﬁeld in the presence of a heavy ion can
be calculated. The amplitudes of such processes can be obtained
via the usual Feynman diagrammatic technique, by working in the
Furry picture [25] and with the obtained Green’s function as elec-
tron/positron dressed propagator. The presented results allow to
calculate differential and/or total cross sections of processes involv-
ing external photons, and total cross sections of the corresponding
processes also involving external electrons/positrons via the optical
theorem. In an upcoming publication we will complete our method
by showing how to determine the dressed electron states from the
Green’s function obtained here. In addition, by determining, as an
example, the cross section of the BH photoproduction process, we
found that the presence of laser ﬁeld suppresses the cross sec-
tion itself by about 40% already at χ  1. This fact makes feasible
in principle the observation of the analogous of the LPM effect
in a laser ﬁeld for the BH process at already available energy of
the incoming photon and parameters of the laser ﬁeld. Finally, the
considered example shows the feasibility of employing the Green’s
function in Eq. (20) to investigate exactly in the parameters of both
the laser and the localized ﬁeld, such processes, which so far have
been treated in the Born approximation in Zα.
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